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Abstract: One of the oldest distance-based topological index, the Wiener index is studied, and ex- 
pressions for the Wiener polynomial of the subdivision graph of the Tadpole graph Th,k, 
the cycle Cn, the wheel graph Wn+1 and the Helm graph Hn+1ı are presented in this paper. 
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1 Introduction 


Mathematical calculations are absolutely necessary to explore important concepts in chem- 
istry. Mathematical chemistry is a branch of theoretical chemistry for prediction and discussion 
of the molecular structure using mathematical methods without necessarily referring to quan- 
tum mechanics. Chemical graph theory is an important tool for studying molecular structures. 

Let G be an undirected graph without multiple edges and loops, the vertex-set and edge-set 
of which are represented by V(G) and E(G), respectively. If x and y are two vertices of G, then 
d(x,y) denotes the length of a minimum length of the path connecting x and y. A distance 
counting polynomial introduced by Hosoya is W(G,q) = >) d(G, k)q*, which is known as the 
Hosoya polynomiall! or the Wiener polynomial. The Wiener index!) of a graph G, named 
after the chemist Harold Wiener, who considered it in connection with paraffin boiling points, 
is given by W (G) = >> de(z, y), where dg denotes the distance in G. Also 


_ dW (G,4)] 


w(G) i ee 


The subdivision graph S(G)!+7] is obtained from G by replacing each of its edge by a path 
of length two, or equivalently, by inserting an additional vertex into each edge of G. The Tre 
Tadpole graph!®! is the graph obtained by joining a cycle graph Cn to a path of length k. 

The wheel graph W,,41 is defined as the graph Kı + Cn, where K; is the singleton graph 
and C, is the cycle graph!’l. The Helm graph H,,41 is the graph obtained from the wheel 
graph W,41, by adjoining a pendent edge at each node of the cyclel®l. For all terminologies 
and notations which are not defined in this paper, we refer to Harary!I. 
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In this paper, we concentrate on a systematic study and obtained an expression for the 
Wiener polynomial of the subdivision graphs of Tadpole graphs and wheel graphs. Here, we 
studied the subdivision graph of T,,, and the Wiener polynomials of the graph S(T3,,) and 
S(T4,k)- Extended the studies further to obtain explicit expressions for the Wiener polynomial 
of the subdivision graph of the cycle Cn, the wheel graph W,,41 and the Helm graph Hn+1- 


2 Wiener polynomial of subdivision graphs 


In this section, we derived an expression for the Wiener polynomials of the subdivision graph 
of Tadpole graphs, wheels, Helm graphs and cycles. 
Theorem 1 The Wiener polynomial of S(T3,,) is 





W (S(T3 k), g) = 9" +3071 + 5q” 24 6g”? + (e — 1) + eg? + eq, 


where n = 2k + 3 and e = 6 + 2k. 

Proof The result would be proved by the method of induction on k. Consider the graph 
S(T3,1), the number of edges in the graph is 8, the vertex vı, is of maximum distance 5 and the 
vertices v1, V2 and vy are of distance 4 with respect to v4, v4 and vy, respectively, where v4 is 
the pendent vertex in the path and vy is the neighbor of v4 in S(T31). The seven combination 
of vertices contributes for the distance 3 and 8 combination of vertices contributes the distance 
2 and 1, respectively. Hence the Wiener polynomial of S(T3,1) is 


W (S(T), q) = g + 3q* + 70° + 8q? + 8q. 


If k = 2, consider the graph S(T3,2), add one edge e to S(T3) and do the subdivision of 
the edge e then obtained $(T3 2). The subdivision of one edge will increase the path length by 
2. So the distance from vy to vs is increased by 2 in S(T3,2) where vs is the neighbor of v4 in 
S(T3,2). So the distance is 7. The vertices vı and v2 in S(T3,1) which are at a distance 4 is now 
at a distance 6 in S(T3 2). The vertex which contribute to the distance 7 in $(T3,1) will also 
contribute to a distance 6 with respect to the vertex vs. Hence the three vertices contribute 
the distance 6. The same vertices which induce the distance 6 along with two more vertices 
contribute for the distance 5 and so on. Also, there will be an increase in the coefficient of q’, q? 


and q by two in the Wiener polynomial of $(73,1). Hence the Wiener polynomial of $(T3,2) is 
W(S(T3,2),¢) = g” + 39° + 5q° + 6q* + 9q° + 104° + 109. 


Assume that the result is true for S(T). The number of edges in $(T3,) is 6+ 2k = e 
and the maximum distance is 2k + 3, say n. So the Wiener polynomial is 





W (S(Tn,2), 9) = 4" + 3q"7! + 5q” 2 4 6g? —3 +--+ (e — 1g? + eg? + eq. 


The result is true for S(7Z3,441). The number of edges is e + 2 = 8 + 2k and the maximum 
distance is n + 2. So replace n with n + 2 and e with e + 2 in the above, obtain the Wiener 
polynomial of $(T3,441) as 


W (S(T k41), g) = Qt? + 3q"*? + 5g” + 6g” 1 +- +(e -1)q? + eg? + eg. 
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Hence the Wiener polynomial of S(T3,;) is 





W (S(T) q) = g” +371 + 5g"? + 6g"? + --- + (e — 1)g? + eg? + eg, 


where n = 2k + 3 and e = 6 + 2k. 
Theorem 2 The Wiener polynomial for S(T4,%) is 





W (S(T4,4),9) = g” +3q” 1 + 5g? + 7g”? +874 -o H (e — 2)q* + eg? + eg? + eq, 


where n = 2k + 4 and e = 2k + 8. 

Proof We prove this by mathematical induction. The number of edges in S(T4,1) is 10 
and the maximum distance is 6. The vertex v2 is of distance 6 and the vertices vy and vy 
are the neighbors of vz at a distance 5 with respect to the pendent vertex in the path. The 
8 combination of vertices contribute for the distance 4 and the 10 combination of vertices 
contribute for the distance 3, 2 and 1. Hence the Wiener polynomial for S(T4,1) is 


W (S(T4,1),4) = qÊ + 3q° + 8q4 + 10g? + 10g? + 10g. 


To show the result is true for k = 2. By adding one edge to S(T) and doing the subdivision, 
we obtain S(T4,2). Hence the number of edges and the maximum distance will be increased by 
2 with respect to (741). Hence the maximum distance is 8 and and the number of edges is 12. 
The vertices which are at a distance 6 and 5 in $(T4,1) will be at a distance 8 and 7 in S(T4,2). 
The 5 vertices in the left most side of S(T4,2) contribute for the distance 6 and the same 5 
vertices along with 2 more vertices contribute for the distance 5. By increasing the coefficient 
of q4, q, g? and q by 2 in $(T41), then the Wiener polynomial for $(T4,2) is 


W (S(T4,2),9) = gÈ + 3g” + 5g? + 7q” + 10q* + 1293 + 12q? + 12g. 


The result is assumed to be true for S(T4,,). The number of edges is 8+ 2k = e, the maximum 
distance is 4 + 2k = n. The Wiener polynomial is 





W(S(T4,n),9) = 4" +3071 + 507? + 7g”? + 8g" 4 +--+ + (e — 2)q* + eg? + eq? + eg, 


which proves the result for k = k + 1. The number of edges is 10 + 2k and the maximum 
distance is n+ 2. Replacing n with n + 2 and e with e + 2, then a polynomial is obtained as 


W (S(Tak+1) d) = 9"? +394? +5q" +79" +89" *+---+eq*+(e+2)q?+(e+2)q?+(e+2)q. 
Hence the Wiener polynomial for S(T4,%) is 
W(S(T1,%),9) = g” + 3g”! + 5g"? + 7g"? + 8g" 4 +--+ + (e — 2)q* + eg? + eq? + eq, 


where n = 2k + 4 and e = 2k +8. 
Theorem 3 The Wiener polynomial for S(C;,) is 


W(S(Cr),q) = ng” + 2ng”! + 2ng"? +--+ + 2ng. 


Proof The proof is made by induction on n. Let n = 2. The subdivision of edges of C2 
will increase the number of vertices by 2 and the number of edges also by 2. Let vı and vz be 
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the vertices of C2 so that the vertices vı and və contributes for the distance 2 and all the 4 
vertices in S(C'2) contribute for the distance 1. 

Hence the Wiener polynomial is W(S(C2),q) = 2q?+4q. Now add one more edge to C2 and 
construct C3 and do the subdivision of edges of C3 to construct S(C3). Therefore, the number 
of edges in S(C3) will be increased by 2 with respect to S(C2). Hence the maximum distance 
is increased by 1. The 3 vertices on the left most side of S(C3), are at a distance 3 with respect 
to the 3 vertices on the right most side of S(C3). The 4 vertices contribute for the distance 1 
in S(C2) along with 2 more vertices contribute for the distance 2. All the 6 vertices contribute 
for the distance 1. 


Hence the Wiener polynomial is 
W(S(C3),q) = 34° + 6g? + 6q. 
We assume that the result is true for S(C,,). That is, the Wiener polynomial is 
W(S(Cn),@) = ng” + 2ng”! + 2ng”? +--+ + 2ng. 


Consider S(C,41). Adding one edge to Cn and subdividing the edges, there is an increase by 
2 in the total number of edges and the total number of vertices with respect to S(C,). Then 
the polynomial can be expressed as 


W(S(Cn41).9) = (n+ 1)g” + 2(n + 1g?! + 2(n + 1g + ---4.2(n + Ig. 


Theorem 4 The Wiener polynomial for the subdivision graph of the wheel graph W,4+1 


5(n(3n — 5))q* + n(n + 2)q? + 4(n(n + 9))q? + 4ng, when n> 5, 
W(S(Wn+1),q) = 4 }3(n(3n —6))q* + n(n + 2)q? + $(n(n + 9))q? +4ng, when n=4, 
i(n(3n — 7))q* + n(n + 2)g3 + aint) g2 + 4nq, when n= 3. 


Proof In a wheel graph, the maximum distance is 2, hence in the subdivision graph of the 
wheel graph, the maximum distance is increased by two. So the maximum distance is 4. The 
wheel Wn+ı contains a cycle Cn. All the n vertices which is on the subdivision of the edges in 
the cycle is connected to the n — 2 vertices on the subdivision of the spokes by a path of length 
4. Also all the n vertices of the wheel is connected to n — 3 vertices by a path of length 4, 
for n > 5. Since every path is shared by a pair of vertices (n(n — 3)) vertices contributes for 
the distance 4. Then n paths with respect to the subdivision of the cycle is found. Hence the 
number of paths of length 4 is $(n(3n — 5)). All the vertices on the subdivision of the edges 
on the cycle are at a distance 3 from the hub. Each vertex on the subdivision of the spoke is 
connected to the n — 1 nodes of the wheel by a path of length 3. Each of the n vertices on the 
subdivision of the edges on the cycle is connected to one of the nodes with a distance 3. Now, 
find the n paths of length 3 between the nodes. Hence n(n + 2) paths of length 3 in S(W,41). 
All the edges on W,,4, lie at a distance 2 after subdivision. The n vertices on the subdivision 
of the edges on the cycle is connected to two of the vertices on the subdivision of the edges on 


the cycle with a distance 2. The vertices on the subdivision of the spoke follows permutation 
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concepts for contributing to a distance 2. That is the first vertex on the spoke is connected to 
n — 1 vertices, the next vertex on the spoke is connected to n — 2 vertices and so on. Hence the 
number of vertices at a distance 2 is 4 (n(n +9)). Hence the Wiener polynomial for S(Wn+1) is 


W (S(Wr+1)>4) = 5(n(8n —5))a4 + n(n + 2)0° + 5 (n(n + 9))g? + 4ng, 


when n > 5. 

But only for n = 4 and n = 3, then the difference in the number of vertices which are at a 
distance 4 is observed. Only in vertices on the subdivision of the edges on the cycle are at a 
distance 4 (for the case n = 4). This happens only because of the sharing of the edge between 
those pairs of edges. The coefficient of g* is changed to $(n(3n — 6)). 

There are no pair of vertices on the subdivision of the edges on the cycle which are at a 
distance 4 when n = 3. The coefficient of qf is changed to 4(3n? — 7n) for n = 3. Hence the 


Wiener polynomial of S(W,41) when n = 4 is 
1 
W(S(Wn+1),0) = 5 (n(3n — 6))q* + n(n + 2)q° + (2n(n + 9))q? + 4ng. 
For the case n = 3 


W (S(Wn+1),4) = T(n ~ 7g + n(n +2) + S(oln + 9))g? + 4ng. 


Theorem 5 The Wiener polynomial of the subdivision graph of the Helm graph H,+1 is 


1(n? — 3n)q® + n(2n — 7)q" + dn(5n — 14)9° + 2n(n + 1)q° + 4 (5n(n + 1))q* 
+n(n +8)g? + n(n + 23)q°+6ng, for n>6 and n even, 

(n? — 3n)q® + n(2n — 7)q" + dn(5n — 13)q° + 2n(n + 1)q? + $(5n(n + 1))q* 
+n(n+ 8)q? + §n(n+ 23)q? + 6nq, for n>6 and n odd, 

lfp? — 8 _ i fae = 6 5,1 4 

W(S(Hn43),4) = ln? — 3n)q® + n(2n — 7)q’ + $5n(n — 3)g° + 2n(n + 1)q° + Z(5n(n + 1))q 

+ n(n + 8)g? + n(n + 23)q?+6nq, for n=5, 

(n? — 3n)g® + n(2n — 7)q’ + £5n(n — 3)q° + 2n7q° + Zn(5n + 4)q* 
+ n(n + 8)q? + n(n + 23)q? + 6nq, for n=4, 

ng + n(2n —1)q° + ġn(5n + 1gt +n(n +8)? + dn(n + 23)q? + 6nq, 


for n= 3. 


Proof The graph S(Hn+1) contains the subgraph S(W,,41) with which all the discussions 
made for S(W,,41) is applicable while calculating the coefficients of q*, q, @° and q. In the 
subdivision graph of the Helm graph, the maximum distance is 8 when n > 4 and is 6 when 
n = 3. Find out the number of paths of length 8,7,6 etc to write the Wiener polynomial. All 
the pendent vertices in the Helm graph is connected to the n — 3 pendent vertices by paths of 
length 8. Since it is shared by a pair of vertices, the number of paths of length 8 is 


sn(n 3), n> 4. (1) 


416 CHINESE JOURNAL OF ENGINEERING MATHEMATICS VOL. 28 





All the vertices on the subdivision of the pendent edge is connected to the n—3 pendent vertices 
by paths of length 7. So n(n — 3) vertices are at a distance 7 in the graph. Also the n vertices 
on the subdivision of the edges of the cycle are at a distance 7 with the n — 4 pendent vertices. 
Hence the number of paths of length 7 is 


n(2n—-7), n>4. (2) 


Then there are n(n — 3) paths of length 6 since the n pendent vertices are connected to the 
n — 3 vertices on the cycle. Find n — 3 paths of length 6 between the subdivision vertices on 
the pendent edge. Since an edge is shared between a pair of vertices, there are in(n — 3) paths 
of length 6 among these vertices. The subdivision vertices on C,, are connected to the n — 4 
vertices on the subdivision of the pendent edge by paths of length 4. So n(n — 4) paths of 
length 6 is produced by these vertices. For n > 6 and n even, there are } paths of length 6 
among subdivision vertices vertices of C„ and when n odd, there are n paths of length 6 among 


subdivision vertices vertices of Cn. Hence the number of paths of length 6 is 


5n(sn — 14), for n even and n> 6, (3) 
san —13), for n odd and n > 6, (4) 
1 

zorl — 3), for n= 4,5, (5) 
n, forn=3. (6) 


All the n pendent vertices are connected to the n— 1 vertices on the subdivision of the spoke 
of the wheel by a path of length 5. Also each of the vertex on the subdivision of the pendent 
edge is connected to the n — 3 vertices on Cn by a path of length 5. So n(n — 3) vertices are at 
a distance 5 in S(Hn+1) and is 0 when n = 3. Each of the pendent vertices is connected to the 
two neighboring vertices on the subdivision vertices on the pendent edge by a path of length 5. 
Hence 2n paths are of length 5. We find the two paths of length 5 from the subdivision vertices 
of Cn by travelling a distance 3 on S(C;,,) and then reaching towards the pendent vertex. So 
2n paths of this kind are of length 5. When n = 4 and 3, this value becomes 0 since this kind 
of a path is already selected in S(C,) and S(C3) as per the previous goal. In S(C,,), there are 
2n paths of length 5. But it is 0 when n = 3 and 4. So the coefficient of q° is 


n(n — 1) + n(n — 3) + 2n+2n+2n=2n(n4+1), n>5, (7) 
n(n —1)+n(n—3)+2n+2n=2n?, n=4, (8) 
n(n —1)+n(n—3)+2n+n=n(2n-1), n=3. (9) 


The distance between the hub and the pendent vertices is 4. All the pendent vertices are 
at a distance 4 with respect to the two neighboring vertices of C,, and subdivision vertices of 
the pendent edges are also at a distance 4 with the two neighboring subdivision vertices of the 
pendent edge. So 3n vertices are at a distance 4. The subdivision vertices of the pendent edge 
is connected to the n — 1 vertices on the subdivision of the spoke by a path of length 4. So, find 
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the n(n — 1) paths of length 4. The new n subdivision vertices of C, are connected to the two 
neighboring vertices on the subdivision of the pendent edge by a distance 4. But when n = 3 
it is 0. Since S(W,41) is a subgraph of S(H,,41) then all the combination of vertices which are 
at a distance 4 in S(W,41). So the coefficient of q* is 


1 
3n+n(n—1)+2n+n+ 5(n(3n -5)) = zonn +1), n>5, (10) 
1 1 
3n+n(n—1)+2n+n+ 5 (nan -—6)) = zrn +4), n=4, (11) 
1 1 
38n+n(n—-—1)+n+ 5 (n(n —5))= n(n +1), n=3. (12) 


Every pendent vertex is connected to the subdivision vertex on the spoke of the wheel and to 
the two neighboring vertices on S(C,,) with a distance 3. All the vertices on the subdivision of 
the pendent edge is connected to the hub of the wheel and also to the two neighboring vertices 
on Cn. Hence there are 6n paths of length 3. The coefficient of q? is 


6n+ n(n +2) =n(n+8), Vn>3. (13) 


There exists 3 paths of length 2 from every subdivision vertex on the pendent edge and one 
path of length 2 from every pendent vertex. Hence the coefficient of q? is 


4n + snin +9) = snln-+ 23), Vn >3. (14) 
The number of paths of length 1 is 
6n. (15) 


Referring to the equations corresponding to different cases, the Wiener polynomial for S(Hn+1) 
is thus as follows 


i(n? — 3n)q® + n(2n — 7)q" + 3n(5n — 14)g° + 2n(n + 1)q° + 4(5n(n + 1))q* 
+n(n+8)q? + in(n+ 23)q?+6ng, for n>6 and n even, 

t(n? — 3n)g* + n(2n — 7)q" + $n(5n — 13)q° + 2n(n + 1)q’ + $(5n(n + 1))q* 
+ n(n + 8)q? + n(n + 23)q?+6ng, for n>6 and n odd, 

ipaa 8 DaT 1 _ 9),6 541 1))¢4 

W(S(Hn+1),4) = 5(n* — 38n)q® + n(2n — 7)q’ + Z5n(n — 3)q° + 2n(n + 1)q? + 4 (5n(n + 1))g 

+ n(n + 8)q° + in(n + 23)q?+6ng, for n=5, 

i(n? — 3n)q® + n(2n — 7)q" + Z5n(n — 3)g° + 2n7q° + 3 (n(5n + 4))q* 
+ n(n +8)? + in(n+23)q? +6ng, for n=4, 

ng + n(2n — 1)9g° + in(5n + 1)gf + n(n + 8)q° + in(n + 23)q? + 6nq, 
for n = 3. 
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